Abstract: Continuous monitoring of soil properties using an instrumented roller compactor requires models that can capture the essential features observed during drum/soil vibration. This paper presents the results of lumped parameter modeling of the drum/soil system together with data from complex nonlinear behavior observed experimentally during operation on sandy soil. Model parameters and response were developed using experimental data collected over a wide range of operating frequencies. Three and four-degree-of-freedom ͑DOF͒ models with linear and nonlinear soil elements were investigated. The results showed that a 3DOF model incorporating the soil, drum, and frame of the roller was successful in capturing behavior during coupled drum/soil vibration and during decoupling ͑i.e., loss of contact between drum and soil͒. Modeling the drum/soil decoupling accounted for most of the experimentally observed nonlinearity. The addition of nonlinear soil stiffness due to the curved drum effect and due to strain hardening soil behavior accounted for additional nonlinearity observed experimentally. Experimentally observed drum rocking during coupled drum/soil vibration was successfully modeled with a 4DOF drum-frame model. The analysis also revealed that commonly observed heterogeneous soil conditions give rise to a transient response that can have a significant influence on vibration behavior.
Introduction
Vibratory roller compactors are commonly used to transform loosely placed granular and mildly cohesive soils into densely packed load bearing earth structures. Given the trend towards assessment of mechanistic soil properties ͑e.g., modulus͒ and the need to improve earthwork quality control/quality assurance ͑QC/QA͒, there is increased interest in vibration-based monitoring of roller compactors to provide continuous assessment of the soil's stiffness and/or modulus. Continuous vibration monitoring is essentially a system identification-type inverse problem wherein the soil parameters are estimated via measured inputs ͑eccentric excitation forcing function͒ and measured outputs ͑roller drum and frame vibration͒. In this context, a robust model structure is critical to effective system identification. An accurate model of the soil-roller system is also required for so-called "intelligent soil compaction" wherein the roller's excitation ͑forcing͒ frequency and/or amplitude are automatically adjusted via feedback control in an attempt to improve compaction efficiency, prevent overcompaction, and improve homogeneity.
The instrumentation of vibratory rollers has been addressed in the literature ͑Adam 1996; Adam and Kopf 2004; Brandl et al. 2005; Rinehart and Mooney 2008͒ and is increasingly being adopted in practice. Recent experimental data collected with instrumented roller compactors ͑Anderegg and Kaufman 2004; Adam and Kopf 2004; Mooney et al. 2006; Mooney and Rinehart 2007͒ reveal fairly complex nonlinear behavior, including loss of contact between the drum and soil, drum and frame rocking, and chaotic behavior. In addition, a traveling roller interacting with underlying soil heterogeneity and employing a variety of excitation frequencies and amplitudes gives rise to transient behavior.
The development of mass-spring-dashpot lumped parameter models to characterize roller-soil behavior has evolved per the findings from experimental studies. Early efforts ͑Yoo and Selig 1979, 1980͒ proposed a 2-degree-of-freedom ͑DOF͒ model to represent steady-state vertical drum and frame kinematics. These investigators restricted their modeling to contact behavior ͑ne-glecting when the drum loses contact with the soil, which occurs in practice more than 50% of the time͒ and used a linear spring ͑and viscous damping͒ to model soil stiffness. Limited experimental data at frequencies much greater than resonance were presented; hence, the model could not be validated over the usable frequency range and at resonance. Yoo and Selig ͑1979͒ model damping ratio ͑ϳ15% ͒ and soil stiffness ͑ϳ5 MN/ m͒ are much lower than the 20-30% damping and 20-80 MN/ m stiffness that will be shown here and have been observed elsewhere ͑e.g., Quibel 1980; Adam 1996; Anderegg 1997͒ . Drum/soil decoupling has been modeled by including a DOF to represent the involved soil ͑Quibel 1980; Machet and Sanejouand 1980; Kröber 1988; Pietsch and Poppy 1993; Adam 1996͒ . These modeling efforts revealed nonlinear drum response due to decoupling from the ground; however, very little loss of contact experimental data was presented to develop and/or validate model behavior over the broad frequency range of interest ͑15-40 Hz͒.
Adam ͑1996͒ and Anderegg ͑1997͒ used lumped parameter modeling to explore the various operational modes of roller vibration, including nonlinear and chaotic vibration. In addition to drum/soil coupled behavior ͑i.e., full contact throughout͒, Adam ͑1996͒ characterized both partial loss of contact where the drum decouples from the soil for a portion of each loading cycle and "jump" mode ͑also referred to as double jump͒ wherein the drum loses contact for more than one cycle of vibration at a time. The resulting nonlinear signal in jump mode includes a subharmonic at one half the excitation frequency ͑Adam 1996; Adam and Kopf 2004͒. Anderegg ͑1997͒ and Anderegg and Kaufmann ͑2004͒ described jump mode and rocking mode vibration as chaotic states. Employing chaos theory, Anderegg ͑1997͒ showed that rocking and jump mode vibration states occur above a certain centrifugal force and soil stiffness combination ͑roller parameter specific͒. In current practice, vibratory roller compactors employ feedback control of the centrifugal force to prevent chaotic motion ͑Anderegg and Kaufmann 2004͒ because these motions are harmful to the machines and dangerous for the operator. To this end, the modeling effort presented here does not explore these chaotic processes.
This paper explores the capability of 3 and 4DOF lumped parameter models with linear and nonlinear elements to reproduce the vibratory roller behavior observed experimentally. Comprehensive drum/soil contact and loss of contact data collected over a 10-45 Hz operating range is presented and used to develop and analyze model performance. In addition to loss of contact induced nonlinearity, the nonlinear interaction between a curved drum and soil is incorporated into the model, as is strain hardening nonlinear soil stiffness. The various forms of model nonlinearity are investigated and compared with the experimental data. This paper also explores the modeling of drum and frame rocking, and the comparison with experimental data that reveals rocking vibration. The paper also addresses the role of transient behavior. All the model results presented are validated with experimental data.
Model Development
Typical earthwork vibratory roller compactors have total machine masses ranging from 7 to 20 Mg. Drum diameter and lengths approach 1.6 and 2.1 m, respectively. Single drum rollers such as the one depicted in Fig. 1 are commonly used on soils. Dual or tandem drum rollers ͑see Fig. 1͒ , typically reserved for asphalt compaction, are sometimes also used for soil compaction. Vibratory excitation is created by an eccentric mass configuration that rotates about the drum axle ͑see Fig. 1͒ and creates a centrifugal force m 0 e 0 ⍀ 2 , where m 0 e 0 ϭeccentric mass moment and ⍀ϭcircular frequency. Various eccentric mass configurations exist, e.g., eccentric mass configurations may rotate unidirectionally creating both horizontal and vertical excitation components. Conversely, counter-rotating eccentric masses can serve to cancel the horizontal excitation component or provide directional amplitude if the entire assembly is rotated. The resultant eccentric mass moment ͑m 0 e 0 ͒ and excitation frequency ⍀ are often variable; some roller compactors have multiple m 0 e 0 settings that must be adjusted manually while others have electronically controlled m 0 e 0 variability allowing for an unlimited number of settings between minimum and maximum. Excitation frequencies typically range from 20 to 40 Hz during soil compaction and can often be electronically controlled. With medium and high m 0 e 0 settings, typical operating frequencies, and stiff soils, the vertical excitation force can exceed the static weight of the roller at the drum location and cause drum/soil decoupling during a portion of each cycle. Only contact and partial loss of contact operation ͑from here on called "loss of contact"͒ will be considered during modeling.
When considering roller-soil modeling, a few key issues are worth noting: 1. A vibratory roller compactor travels in forward or reverse mode at speeds of 0.5-1.5 m / s. Given these speeds and the typical 20-40 Hz excitation frequency range, the spatial distance between excitation cycles ͑often called impact spacing͒ varies from approximately 20 mm ͑0.5 m / s , 40 Hz͒ to 75 mm ͑1.5 m / s , 20 Hz͒; 2. The depth of influence or measurement depth of an instrumented vibratory is on the order of 1 -2 m ͑Anderegg and Kaufman 2004͒. Given that the typical thickness of lifts being compacted is 150-300 mm, the roller response is also influenced by material underlying the lift being compacted. This subsurface can be quite variable and can have a significant effect if it is much softer or stiffer than the compaction lift, e.g., near surface bedrock; and 3. Spatial heterogeneity in soil density, moisture content, and lift thickness, all as a result of typical construction practice, lead to heterogeneity in soil stiffness experienced by the roller compactor. Furthermore, soil stiffness and modulus are very sensitive to subtle changes in moisture and density ͑Nazarian et al. 2002͒, and therefore can vary considerably on a project site. With these issues in mind, the general framework for the rollersoil model is shown in Fig. 2 where both the roller and soil are modeled with mass-spring-dashpot components. While x and y motion is kinematically possible, only vertical ͑z͒ motion is considered here because it directly contributes to the determination of soil stiffness. Vertical ͑z͒ motion requires 3DOF, including the vertical motion of the drum, frame, and soil, where the soil is modeled as a DOF to enable loss of contact. The drum mass includes the eccentric assembly while the frame mass is determined by subtracting the drum weight from the total static weight measured under the drum. Rubber mounts isolate the drum from the frame. These bearings were modeled with a complex stiffness relationship ͑static stiffness plus viscous dashpot͒ provided by the manufacturer Lord Corporation.
The soil model employed here-mass, spring, dashpot-is a simple analog that has been proven effective in modeling surface vibration of foundations resting on homogeneous and layered elastic half spaces ͑Lysmer and Richart 1966; Gazetas 1983; Baidya et al. 2006; Wolf 1994͒ . During coupled drum/soil vibration, a portion of the involved soil is in synchronous motion with the drum. The amount of added or apparent soil mass has been debated throughout the foundation vibration literature with no clear consensus ͑e.g., Richart et al. 1970; Barkan 1962; Balakrishna Rao and Nagaraj 1960; Crockett and Hammond 1949͒ . This lack of consensus also pervades the roller-soil modeling literature. A number of roller modeling studies neglected the soil mass ͑Yoo and Selig 1979; Anderegg 1997͒. Quibel ͑1980͒ used an apparent mass equal to 62% of the drum mass while Kröber ͑1988͒ used 10% of the drum mass. Pietzsch and Poppy ͑1993͒ adopted an apparent soil mass equal to 36% of the drum mass. From our data and numerical simulations, the inclusion of an apparent soil mass equal to 20% of the drum mass provided a good amplitude match between the models and the experimental data. This can be seen in Fig. 3 in which 3DOF drum-frame-soil model results with 0, 20, 40, and 60% added soil are shown together with experimental data. Here, the experimental and model results involve fully coupled drum/soil behavior ͑hence, the 3DOF model reduces to 2DOF͒. Fig. 3 presents the peak vibration amplitudes ͉Z d ͉ / ⍀ 2 when the drum is at the top and bottom of its vertical cycle. Fig. 3 modeling results employ a linear soil stiffness and yield the same top and bottom amplitudes.
The soil spring element is a composite stiffness that represents both the lift being compacted and the underlying layers within the depth of influence ͑Odemark 1949; Anderegg and Kaufmann 2004͒. The soil stiffness should be considered stress dependent and thus nonlinear given the significant stresses created by the roller forces. The numerical modeling efforts and experimental results presented here largely reflect roller vibration behavior on compacted soil, where applications such as "proof rolling" are employed to assess soil properties. To this end, plastic soil deformation is deemed insignificant and is not included in the model. Additional model nonlinearity is introduced due to drum curvature ͑Lundberg 1939͒. For analysis of transient response, the spring element is also considered time varying to simulate spatial heterogeneity. The viscous dashpot is used to represent both radiation and material damping, with the former dominating the energy dissipation of the system ͑Lysmer and Richart 1966; Mooney and Rinehart 2007͒ .
The equations of motion for contact and loss of contact behavior were determined via force equilibrium using free body diagrams of frame, drum, and soil ͑see Fig. 2͒ . Eqs. ͑1͒ and ͑2͒ represent drum and frame behavior during drum/soil contact mode vibration. All variables are defined in the "Notation" section at the end of this paper. Note that the soil moves as one with the drum ͑z d = z s ͒ while in contact and as separate DOFs during loss of contact. Both contact and loss of contact mode commonly occur within each cycle of vibration. The contact force F c between the drum and soil can be determined from both soil equilibrium and drum equilibrium ͓Eq. ͑3͔͒. Eqs. ͑1͒-͑3͒ are valid while the drum and soil are in contact ͑F c Ͼ 0͒. During loss of contact behavior ͑F c Ͻ 0͒, frame, drum, and soil behavior are described by Eqs. ͑4͒-͑6͒. For all equations, displacement, Figs. 1 and 2 . Zero displacement is defined as the location of the masses before any force ͑including gravity͒ is applied. Values for the system characteristic constants ͑provided by the manufacturers͒ are as follows: drum mass ͑m d ͒ = 2,638 kg, frame mass ͑m f ͒ = 4,565 kg, the stiffness coefficient between the drum and frame ͑k df ͒ = 3.4 MN/ m, and the damping coefficient between the drum and frame ͑c df ͒ is determined by multiplying k df with the loss factor ͑ = 0.16͒ and dividing by the eccentric rotational frequency ͑⍀͒ The sign convention considers downward positive displacement, velocity, and acceleration; positive contact force implies compression between the drum and soil. The contact mode data ͓Figs. 4͑a and e͔͒ were recorded during 21 Hz vibration with m 0 e 0 = 0.98 kg m, hence the eccentric force oscillates sinusoidally with an amplitude of Ϯ17 kN. The loss of contact mode data ͓Figs. 4͑b and f͔͒ was recorded during 27 Hz vibration with m 0 e 0 = 2.32 kg m; therefore, the eccentric force oscillates sinusoidally with an amplitude of Ϯ65 kN. The static weight is equal to 70 kN ͓not shown in Fig. 4͑a͒ due to scaling͔.
Results

Model
Drum inertia is fairly sinusoidal in both cases. Frame inertia is smaller in magnitude than the other components and is nonsinusoidal, particularly during loss of contact. The drum acceleration, reflected by the negative of the drum inertia divided by m d , provides insight into the nonlinearity of the system. Figs. 4͑a and b͒ show that the peak negative drum acceleration ͑peak positive inertia͒ exceeds the peak positive drum acceleration during both contact and loss of contact response. This peak negative response occurs when the drum is at the bottom in its trajectory, i.e., during rebound from the ground. Figs. 4͑c -f͒ present the model contact force components and resultant F c . For the contact case, F c and components ͑including phase differences͒ agree well with the experimental data ͓Fig. 4͑e͔͒. This 3DOF model response does not include soil nonlinearity and thus overpredicts the peak positive drum acceleration and thus the minimum F c . For the loss of contact mode, the model also effectively matches the resultant F c and components with the exception of the nonsinusoidal frame response ͓Fig. 4͑f͔͒. The model also reveals greater distortion in the drum inertia than the experimental data as the drum loses and regains contact with the ground ͓see circles in Fig. 4͑d͔͒ .
Broadening to behavior over a greater frequency range, Fig. 5 presents both experimental and 3DOF ͑drum-frame-soil͒ model frequency response for vertical drum vibration while traveling over the sand test bed. The experimental data in Figs. 5͑a and c͒ represent low amplitude eccentric force ͑m 0 e 0 = 0.98 kg m͒ behavior and Figs. 5͑b and d͒ represent high amplitude eccentric force ͑m 0 e 0 = 2.32 kg m͒ behavior. As the roller traversed a 100-m long testbed, the excitation frequency was stepped up over 2 -4 Hz increments; each frequency was held for 3 -5 s to ensure steadystate vibration. Hence, both experimental and model results in Fig. 5 represent steady-state response. Figs. 5͑a and b͒ illustrate the peak acceleration amplitudes ͑normalized by ⍀ 2 ͒ that occur when the drum is at the top and bottom of its vibration cycle. The peak upward drum acceleration ͑occurring at the bottom of the drum's cycle͒ was always greater than the downward drum acceleration ͑occurring at the top of the drum's cycle͒. During low eccentric force excitation the drum and soil remained in contact. However, the drum decoupled from the soil for most frequencies during high eccentric force excitation.
The observed phase lag between the eccentric mass and drum positions is shown in Figs. 5͑c and d͒. This phase lag reflects the difference in time between the eccentric mass and drum when at their bottom positions. Note that phase lag is not constant within each cycle of vibration due to system nonlinearity, e.g., compare top with bot in Fig. 4 . It can be seen from One area where the drum-frame-soil vertical DOF model proved insufficient was in capturing what is believed to be rocking-induced vertical drum vibration observed ͑rotation about the x-axis in Fig. 1͒ around 30 Hz in Figs. 5͑a and b͒. The experimental data presented in Fig. 5 were captured from sensors mounted to a nonrotating element on one end of the drum. Rocking can magnify the vertical acceleration on one end of the drum ͓as shown in Fig. 5͑a͔͒ and diminish it on the other end ͓as shown in Fig. 5͑b͔͒ . Unfortunately, experimental data from both ends of the drum are unavailable ͑only one end has a nonrotating mount to which an accelerometer can be attached͒; therefore, drum rocking cannot be confirmed. However, frame acceleration data reveal frame rocking near 30 Hz for both low and high amplitude eccentric force, as evidenced by the left and right side frame acceleration being out of phase ͑see Fig. 6͒ .
To model drum and frame rocking during drum/soil full contact mode, rotational DOFs were added to the vertical drum and frame DOFs. Constant k s =58 MN/ m and c s = 180 kN s / m were used in combination with mass moments of inertia around the x axis for the drum and frame of I xxd = 400 kg m 2 and I xxf = 600 kg m 2 , respectively. Because only contact mode rocking was explored, the soil and drum DOFs merge into one. The results from the 4DOF model ͑soil and drum DOFs merge into one for contact mode͒ are presented in Fig. 7 . The right and left end peak amplitudes from the model analysis indicate rocking Fig. 7 , the occurrence of drum rocking cannot be fully confirmed without experimental data from both ends of the drum.
Nonlinearity
As was illustrated in Figs. 4 and 5, the roller-soil system exhibits nonlinear response during contact and loss of contact operation. Simply accounting for drum-soil separation in the model captures much of the nonlinearity. However, there remains unaccounted for nonlinearity, e.g., as evidenced in contact mode nonlinearity. Two additional sources of nonlinearity were modeled: ͑1͒ curvature of the drum; and ͑2͒ stress dependency of soil stiffness. The curved surface of the drum leads to a nonlinearly varying contact force-surface deflection relationship. Lundberg ͑1939͒ developed a solution for a force applied through an infinitely long rigid cylinder resting on an elastic half space using Hertzian contact theory. Kröber et al. ͑2001͒ presented Lundberg's solution as a relationship between the resulting soil stiffness k s and the elastic properties of the half space, i.e., Young's modulus E and Poisson's ratio ͓see Eq. ͑10͔͒. As exhibited in Eq. ͑10͒ and shown in Fig. 8͑a͒ , the curvature of the drum has a mild 
͑10͒
An additional source of nonlinearity stems from the stress dependency of soil stiffness. It is well documented that soil stiffness increases with increasing confining stress and decreases with increasing shear stress. Within each cycle of vibration, the shear stress is increasing markedly due to the applied eccentric force, and the confining stress is increasing due to lateral confinement. To evaluate both stress hardening and stress softening, a simple power law stiffness k s z d k 2 ͑Andrei et al. 2004͒ was adopted ͓see Fig. 8͑b͔͒ . Fig. 9 presents 3DOF model results for contact ͑low eccentric amplitude͒ and loss of contact ͑high eccentric amplitude͒ behavior using constant k s and nonlinear k s due to the curved drum and soil stress dependency. The nonlinearity in the experimental data in Fig. 9 is characterized by 15-25% greater bottom drum acceleration amplitudes. Using constant k s =62 MN/ m ͑k 2 = 1.0͒ and c s = 180 kN s / m, the model underestimates bottom drum acceleration in both cases by approximately 10-20% and overestimates top drum acceleration during loss of contact by approximately 25%. The addition of curved drum nonlinearity ͓Eq. ͑10͒ with E = 100 MN/ m 2 and = 0.25͔ improves the model's ability to match bottom drum acceleration amplitudes only slightly. The use of curved drum and mild stress hardening soil behavior ͑k 2 = 1.03 for contact, k 2 = 1.06 for loss of contact͒ in the model matches the bottom drum acceleration response observed experimentally. Each model still overpredicts top drum acceleration. Other sources of nonlinearity that are not addressed here might include the layering of media ͑Adam 1996; Anderegg and Kaufmann 2004͒ and any plastic deformation that may occur at the drum/soil contact area.
Transient and Steady-State Response
Thus far, the experimental data and model responses presented here have assumed steady-state behavior. Until recently, vibratory roller compactors have typically operated at constant ⍀ and m 0 e 0 while traveling at constant velocity. Consequently, all modeling efforts have assumed spatially homogeneous soil conditions and thus considered the roller vibration to be steady state. There are two important deviations from this where transient behavior may be important. First, roller compactors are increasingly being designed to vary ⍀ and m 0 e 0 using real-time feedback control. Second, recent studies with instrumented rollers reveal that subsurface heterogeneity ͑e.g., near surface bedrock͒ can cause significant variability in measured soil stiffness ͑Mooney et al. To this end, the effects of transient response were investigated by introducing step increases and decreases in k s into the numerical simulation. Fig. 11 illustrates the process and the terms used here to describe the results. Under steady-state vibration, a step change in soil stiffness Ϯ⌬k s was introduced. The resulting transient amplitude Z d͑tr͒ was determined as was the settling time ͑͒ required to restore steady-state vibration and the new steady-state acceleration amplitude Z d͑ss͒ ͑see Fig. 11͒ . Because transient behavior depends on when ⌬k s was introduced within a cycle, simulations were performed for eight different introduction times within a cycle. Fig. 12 presents the findings of numerical simulations performed with the 2DOF model ͑roller/soil contact͒ using k s =30 MN/ m and c s = 210 kN s / m. Values of ⌬k s / k s were varied Ϯ50% in correspondence with measurements ͑Fig. 10͒. The analysis showed that the transient amplitude varied from 20 to 150% of the steady-state amplitude while the settling time normalized by the period of excitation T ranged from one to seven cycles. Considering an average roller velocity of 1.5 m / s and 30 Hz excitation, the length of travel required to settle to within 2% of steady state is 0 -0.3 m. These results suggest that transient response changes can be significant in the case of soil heterogeneity, and should be considered in modeling and model-based extraction of soil properties.
Conclusions
This paper investigated the ability of nonlinear lumped parameter models to capture the often complex nonlinear behavior observed during vibratory roller/soil interaction. Comprehensive experimental results over a wide frequency range ͑10-45 Hz͒ were presented to compare with model results. A 3DOF model with constant k s and c s captured the trends in drum vibration amplitude and drum phase lag for low and high eccentric excitation over a wide frequency range ͑10-45 Hz͒ with the exception of rocking-induced excitation observed experimentally near 29 Hz. This 3DOF model also captured the salient roller response during contact and partial loss of contact behaviors observed experimentally.
Drum/soil decoupling accounts for a considerable portion of the nonlinearity observed; however, there remains noticeable nonlinearity in contact mode and loss of contact mode vibration. Introducing the curved drum effect into the 3DOF model was successful in accounting for some of this nonlinearity, and including stress dependent soil hardening accounted for the rest. Therefore, a 3DOF lumped parameter model with nonlinear k s to account for drum curvature and stress dependent hardening proved effective in modeling the behavior observed experimentally.
Introducing rotational DOFs into the model was effective in capturing perceived drum rocking and measured frame rocking; however, more substantial experimental data are required to investigate and verify drum rocking.
Transient effects were investigated numerically by introducing step changes in k s and observing drum vibration amplitude changes and settling time. For up to 50% changes in k s , 3DOF model simulations revealed amplitude changes from 20 to 150% of steady-state amplitude and settling times from one to seven cycles. Therefore, for drum/soil interaction in heterogeneous subsurface conditions ͑e.g., variable near surface bedrock͒, it is important to incorporate transient response to interpret the resulting soil stiffness values. The results presented herein indicate that drum-frame-soil lumped parameter models with nonlinear soil stiffness are capable of capturing complex drum/soil interaction. These models can therefore be used to extract important soil parameters ͑e.g., k s ͒ from roller vibration data. It should be noted that the experimental results matched here were from roller vibration on sand. Further research is required to evaluate model efficacy on other soils. 
